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Abstract
What is the value of a ﬁnancial instrument in an illiquid market? The classical valuation theory which is based on the law of one
price assumes implicitly that market participants can trade freely in both directions at the same price. In the absence of perfect
liquidity the law of one price should be replaced by a two price theory where the terms of trade depend on the direction of the
trade. A static as well as a continuous time theory for two price economies is discussed. The two prices are termed bid and ask or
lower and upper price but they should not be confused with the vast literature relating bid-ask spreads to transaction costs or other
frictions involved in modeling ﬁnancial markets. The bid price arises as the inﬁmum of test valuations given by certain market
scenarios whereas the ask price is the supremum of such valuations. The two prices correspond to nonlinear expectation operators.
Speciﬁc dynamic models which are driven by purely discontinuous Le´vy processes are considered.
This article emerged from papers written jointly with D. Madan, M. Pistorius, W. Schoutens and M. Yor (2014) [9, 10].
c© 2015 Published by Elsevier Ltd.
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1. Introduction
Market liquidity may be loosely deﬁned as the ease with which assets can be bought or sold. For a speciﬁc market,
the degree of liquidity depends on a number of factors. One not so obvious but rather crucial factor is trust. When trust
evaporates liquidity too will dry up. Changes in liquidity often occur as a result of a change in risk perception. The
start of the 2007–2009 ﬁnancial crisis illustrates this in a dramatic way. After a long period with plentiful trust and
liquidity the market realized in July 2007 that there was a substantial default risk in portfolios underlying the tranches
of Collateralized Debt Obligations (CDOs) in which a number of banks were heavily invested. These portfolios had
been classiﬁed as subprime. The initially AAA rated CDO tranches became totally illiquid within a short period.
Consequently the values of these assets had to be written down when the portfolios of these investors were revalued.
One can try to categorize markets according to their liquidity. A rough scale would start with those instruments,
that are traded at organized exchanges, being considered the most liquid. Examples are the exchanges for equity
shares and for derivatives. The next category in such a liquidity scale would be bonds. It is evident that there are
big diﬀerences within this asset class. The rating, (by which we do not necessarily mean the ratings issued by rating
agencies), typically has some inﬂuence on the liquidity of the instrument, but ratings do not take speciﬁc account
of liquidity. Rather, ratings quantify credit risk. Liquidity risk is a second order risk and often reacts to changes in
the credit standing of the bond. Sovereign bonds feature at the top of this asset class but there are many corporate
bonds that outperform sovereign bonds issued by governments of countries with a fragile economy. In decreasing
order of liquidity another category in the liquidity scale are structured products that are only Over-the-Counter traded.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Bespoke ﬁnancial contracts which usually cannot be sold to a third party at all constitute a huge and even less liquid
asset class. Insurance contracts would be typical examples of this kind, but note that there is a reinsurance market
where some part of the risk can be traded. At the end of our liquidity scale one could place real estate. Real estate can
be classiﬁed as a ﬁnancial instrument since it is included within the portfolio of many institutional investors.
Among the many problems posed by a lack of liquidity is the question: What is the value of assets under these
market conditions? We prefer here to use the word value instead of price. Pricing puts one primarily into the per-
spective of a trader who wants to buy or to sell a security. Valuation is a much broader notion. Investors often have a
very long investment horizon. Nevertheless they need a value for each asset when they revalue their portfolio. This
is necessary for active portfolio management on a daily, weekly or monthly basis or to produce a balance sheet even
when they do not have any intention to sell. The same consideration applies to liabilities on the balance sheet of a
ﬁnancial institution.
The classical valuation theory which is based on the law of one price assumes implicitly that market participants
can trade freely in both directions at the same price. This means in particular that the market is able to accept any
amount of assets which are traded at the current market price whatever the direction of the trade is. In the absence of
perfect liquidity the law of one price can no longer be justiﬁed. It should be replaced by a two price theory where the
terms of trade depend on the direction of the trade. Let us illustrate this fundamental change of view by considering
as an example sovereign bonds issued by a government that has already accumulated substantial debt and continues to
produce a big budget deﬁcit. At some point there will be a trigger whereby the market starts to worry about a possible
default of the issuer and the partial or even total losses that could occur. As a consequence of the perception of an
increased risk these bonds become less attractive for cautious investors and the price quotes will go down. Investors
that hold these bonds on the asset side of their balance sheet will have to write the value of this position down. In
fact the current mark to market accounting rules force them to do so even though they might not have the intention to
sell the position at the reduced price which could afterwards recover again. Markets often overreact or even panic. A
striking example where overreaction caused enormous ﬁnancial damage was the situation of insurers – in their role as
institutional investors – after the burst of the internet bubble in 2000. Stock quotes which had reached record levels
in the internet rally fell sharply. In order to stimulate markets and economies interest rates were pushed down by
monetary authorities and thus the discount factors applied to long term liabilities went up with the consequence that
liabilities in the balance sheets of those insurers increased. At the same time they had to write down the investments
in stock on the asset side of their balance sheet. In deed, it was reported that supervising agencies in some countries
asked insurance companies in this situation to close the gap in their asset-liability relation. They did this by selling
blue chips which were their most liquid assets. These sales contributed to drive stock markets down further. Billions
of euros and dollars – wealth of investors in life insurance – were destroyed unnecessarily. The situation reached such
a point that some insurance companies had to raise fresh capital. In this context it is worth recalling that the current
mark to market accounting rule was inspired by the savings and loan crisis that had shaken the United States in the
late 80s. According to the accounting principles at that time banks had been allowed to carry initial values of credits
forward although, it was evident their debtors were already insolvent. Mark to market as an accounting principle
represents the other extreme and may not be the optimal solution either.
Now let us turn to the balance sheet of the issuer of the government bond referred to above. The position is now
on the liability side of the balance sheet. Following the mark to market accounting rule a lower market quote would
reduce the debt and hence generates a proﬁt for the issuer. These so-called “windfall” proﬁts have been observed
in 2008. Indeed, major US banks reported hundreds of millions US dollars of proﬁts caused by a reduction of their
debt positions when their ratings were downgraded in the crisis and price quotes for bonds fell. Pursuing this line of
thought an issuer of bonds might even register record proﬁts just prior to its own default. Does this make any sense?
Certainly not, unless one is prepared to accept the idea that windfall proﬁts help a distressed company to dress up
its balance sheet. An issuer in distress cannot exploit the low price for its debt position. Funds to buy bonds back
will not be available in such a situation. If the issuer could take advantage of the low price and reduce the debt, the
market would certainly realize the new situation and the quote for the bond would jump up immediately. Thus the
lower price at which the bonds are oﬀered in the market has no practical relevance for the issuer. On the balance sheet
the debt position should be reported essentially at the initial value which it had before the deterioration of the credit
status. This is roughly the sum which the issuer in the event of survival will ultimately have to redeem at maturity. As
a consequence we are led to a two price valuation for such a ﬁnancial instrument. Figure 1 shows how the two values
should evolve qualitatively as a function of the default probability of the issuer of the bond.
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Figure 1. Asset and liability value as a function of default probabilities
The structure of the paper is as follows. In the next section we present the two price valuation approach in the
context of a simple one period model. The corresponding dynamic theory in a continuous time model is developed in
section 4. In section 3 we discuss brieﬂy the Feynman-Kac representation on which the dynamic two price valuation
approach is based from a technical point of view.
2. One period two price theory
The two price approach is based on the notion of acceptability of a cash ﬂow. From the point of view of mathemat-
ics the outcome of a risky position is described by a random variable X deﬁned on an appropriate probability space
(Ω,F , P). In a perfectly liquid market the current value of this position can be determined once one has a pricing
kernel given by a risk neutral probability measure Q. The value is given by EQ[X], the expectation of X under Q.
In this and the next section for simplicity we assume that the interest rate is zero. One classiﬁes the position X as
acceptable in case its average outcome is nonnegative, i.e. EQ[X] ≥ 0. In a liquid market the pricing operator given
by the risk neutral measure Q can be derived from market data. To be more precise, after making appropriate model
assumptions for the random variable X one can infer the actual parameters from historic price data or actual prices
and then switch from this distribution to a risk neutral distribution. There is a vast literature on this and in particular
on the problems which arise in the context of the measure change. We do not discuss any further details on this issue
here. In case there is a derivative market with the quantity of interest as underlying, one would calibrate the assumed
model by using price data from the derivative market. This direct approach allows to avoid any measure change since
derivative prices are assumed to be risk neutral and the inferred Q is the natural candidate.
As mentioned above there are large ﬁnancial markets which are not liquid enough to produce reliable price data.
Given the uncertainty about the right valuation operator, instead of a unique Q one should take a whole set M of
possible probability measures or scenarios Q ∈ M into account. The set M will usually have elements which are
not risk neutral measures, but we assume that there is at least one risk neutral measure in the set. Once the risk
neutral probability measure which is denoted by Q∗ is determined, this distinguished element ofM will enable us to
derive in addition to two new values also a classical risk neutral value for the security to be valued. A risk neutral
measure Q∗ will later be used as a basis for the construction of appropriate sets M. In this context we want to
mention that in incomplete markets the set of risk neutral measures can be very large. It has been shown in Eberlein
and Jacod (1997) [7] that in certain models for incomplete markets, in particular in exponential models driven by
pure jump Le´vy processes, the values derived from the set of risk neutral measures can span the full no-arbitrage
interval (excluding the boundaries). The latter is the interval in which security values must necessarily lie as a result
of arbitrage considerations.
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Once an appropriate setM of probability measures has been chosen, a position X is considered to be acceptable
if the average outcome of X is nonnegative under all Q ∈ M, which can equivalently be expressed as
inf
Q∈M
EQ[X] ≥ 0. (1)
The ﬁrst versions of this concept have been considered in Artzner, Delbaen, Eber and Heath (1999) [1] and Carr,
Geman and Madan (2001) [3]. Because of the inﬁmum this formula deﬁnes a nonlinear valuation operator which
represents a relatively unpleasant object from the mathematical point of view. However under only slightly more
restrictive assumptions this valuation can be made operational due to the following link between acceptability and
concave distortions. Assume the setM is convex and the operator given by
(X) = − inf
Q∈M
EQ[X] = sup
Q∈M
EQ[−X] (2)
is law invariant and comonotone, i.e. (X) is a spectral risk measure. Comonotonicity means that the operator is
additive for comonotone random variables. The later makes sense since a risk measure should add up the risks given
by random positions which are perfectly correlated. Under these additional assumptions one can show (see, e.g.,
Cherny and Madan (2009) [4]) that there exists a concave distortion Ψ such that (X) can be represented as an integral
with respect to the distorted distribution function F of X (under Q∗)
(X) = −
∫ +∞
−∞
xdΨ(F(x)). (3)
The eﬀect of Ψ is that it shifts probability mass to the left. Unfavourable outcomes of X thus get a higher probabil-
ity weight and consequently favourable outcomes will occur with a lower probability. In other words one can say that
the distorted valuation operator produces – as it should – a more conservative value than the undistorted operator. Ac-
ceptability means then just that the integral is nonnegative. In addition the corresponding set of probability measures
M, the so-called supporting set, can be easily described by the distortion function Ψ, namely
M = {Q ∈ P | Ψ̂(Q∗(A)) ≤ Q(A) ≤ Ψ(Q∗(A)) (A ∈ F )}
where Ψ̂(x) := 1 − Ψ(1 − x).
There are many families of distortions which can be used in this context. An excellent choice is the family termed
minmaxvar which has a real, nonnegative parameter γ (see Cherny and Madan (2009) [4]). It is given by
Ψγ(x) = 1 −
(
1 − x 11+γ
)1+γ
(0 ≤ x ≤ 1, γ ≥ 0),
where γ can be interpreted as a stress parameter. Higher γ means more deviation from the identity, thus stronger
concavity and consequently more distortion of the underlying distribution function F. Figure 2 shows the distortion
Ψγ for various values of γ.
There is a rather intuitive statistical justiﬁcation for this particular family minmaxvar. Assume for this γ to be an
integer. Consider independent draws of a random variable Z, given by Z1, . . . ,Zγ+1, such that the maximum of these
γ+ 1 variables has the same distribution as X. Then γ(x) = −E[Y], where Y is a random variable which has the same
distribution as the minimum of Z1, . . . ,Zγ+1. Thus the minmaxvar distortion leads to a distorted expectation operator
where one is conservative in valuation of cash ﬂows in a double sense, ﬁrst by replacing the distribution of X by the
distribution of the maximum of γ+ 1 independent draws of a random variable Z and then by replacing the expectation
of X by the expectation of a variable Y which has the same distribution as the minimum of the γ + 1 draws of Z.
Now let us consider a nonnegative random cash ﬂow X on the left side of the balance sheet, i.e. an asset. The best
value for this position from the perspective of the market is the largest value b(X) such that X−b(X) is acceptable. The
market would not accept any higher price in case we try to sell this position. Applying the deﬁnition of acceptability
as given in (1) we see that
b(X) = inf
Q∈M
EQ[X]. (4)
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Figure 2.
We call b(X) the bid or lower value of X. If X is a nonnegative random cash ﬂow on the right side of the balance
sheet, i.e. a liability, then the best value for this position is the smallest value a(X) such that a(X) − X is acceptable.
As an immediate consequence we see that
a(X) = sup
Q∈M
EQ[X], (5)
a(X) is called the ask or upper value of X. Let us underline that although we use the notion of bid and ask here,
we do not have the bid and ask prices for securities in highly liquid markets in mind. In ﬁrst approximation the
bid-ask spread in very liquid markets can be considered as a deterministic quantity which consists of ﬁxed transaction
costs and the cost for liquidity providers. In this sense the use of the notions of lower and upper value would be less
confusing. The spread which is generated by the two values in (4) and (5) is a dynamic quantity and depends on
the degree of liquidity. When the market turns less liquid one would consider even more possible scenarios, which
meansM would increase and as a consequence the spread between lower and upper value widens. On the contrary
an improvement of liquidity might encourage market participants to no longer taking some of the worst scenarios into
account. The smaller setM leads to a decreased spread. Expressed in terms of the parameter γ of the minmaxvar
distortion considered above, this means to increase γ as liquidity weakens and to decrease it again as soon as liquidity
improves.
In the valuation formulas above only nonnegative cashﬂows are considered. However there are many random
cashﬂows such as swaps which can end with a positive or a negative payoﬀ. For completeness we point out that
the two value approach produces the right valuation for these cash ﬂows as well. Represent the position X as the
diﬀerence of the positive part of X minus its negative part. In case X is an asset, one sees easily that its value, the bid,
is nothing but the bid of the positive part of X minus the ask of the negative part. On the other side if X represents a
liability, then the best value, the ask, is the ask of the positive part minus the bid of the negative part.
Using distortions one gets the following explicit formulas for lower and upper values of a cashﬂow X
b(X) =
∫ +∞
−∞
xdΨ(FX(x))
a(X) = −
∫ +∞
−∞
xdΨ(1 − FX(−x))
(6)
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In the following it will be suﬃcient to derive bid values since (see (2)) the ask value is nothing but the negative of
the bid value of the corresponding negative cash ﬂow. For speciﬁc cash ﬂows these valuation formulas become even
more explicit. As an example let us consider the bid bC(K, T ) of a call option with strike K and maturity T . It can be
derived in the form (see Madan and Cherny (2010) [13])
bC(K, T ) =
∫ ∞
K
(1 − Ψ(FST (x)))dx, (7)
where S T denotes the random payoﬀ at maturity.
3. Some remarks on the Feynman–Kac representation
Before we are able to develop a dynamic two price theory, i.e. a theory where the two prices evolve in time,
we have to comment on some recent results concerning the Feynman–Kac formula since this formula will be used
as a basic ingredient. In the seminal paper by Black and Scholes (1973) [2], the present value of an option was
derived as the solution of a partial diﬀerential equation, namely the heat equation. The alternative approach in terms
of a purely stochastic representation of the option value as expectation with respect to a risk-neutral measure, i.e.
as a result within martingale theory, emerged only later. Key references for the application of martingale theory in
the context of the valuation of derivatives are Harrison and Kreps (1979) [11] and Harrison and Pliska (1981) [12].
There is a deep relation between the two approaches which come from fairly disjoint mathematical disciplines namely
partial diﬀerential equations (PDEs) and the theory of stochastic processes. This bridge is given by the Feynman–Kac
formula.
Let us consider a derivative given by its payoﬀ function g. As an example we could consider a call option with
g(x) = (S 0ex − K)+. Here we assume that the price process of the underlying quantity is given by an exponential
model S t = S 0 exp(Lt) with driving process L. Assuming for simplicity that the interest rate is zero, the fair value
of this option at time t is given by E[g(LT − Lt + x)] where E denotes the expectation operator under the risk-neutral
probability, T is the time of maturity and x the value of the driving process at time t. The class of driving processes we
are interested in is the class of time-inhomogeneous Le´vy processes which has very successfully been used in many
areas in ﬁnancial modeling in recent years. See e.g. Eberlein and Kluge (2005) [8] for its use in interest rate theory.
This class of processes includes processes with jumps or even pure jump processes such as generalized hyperbolic,
normal inverse Gaussian, Variance Gamma or CGMY processes. The Feynman–Kac representation says that under
appropriate assumptions the expectation above can be obtained as the solution of the following parabolic equation
∂tu +AT−tu = 0 (r = 0),
u(0) = g.
(8)
Here A denotes the pseudo-diﬀerential operator given by the negative of the inﬁnitesimal generator L of the
driving process L. As soon as L is a process with jumps, equation (8) becomes a partial integro-diﬀerential equation
(PIDE). For the solution u(t, x) of equation (8) Feynman–Kac reads now formally as
u(T − t, x) = E[g(LT − Lt + x)]. (9)
There are many settings where the Feynman–Kac formula holds in the literature, mainly for diﬀusion processes. To
be able to exploit it in ﬁnance where one considers models which are driven by more realistic processes as mentioned
above, some basic requirements are necessary. In (8) one has to consider unbounded domains since the domain is
the range of the driving process L. Furthermore, the initial condition should cover a large range of payoﬀ functions.
Assuming polynomial boundedness or Lipschitz-continuity for g – as is done in some versions in the literature – would
exclude a priori a number of standard payoﬀs. Furthermore what is desirable from the point of view of numerical
solutions of (8) is the existence of a variational or weak solution. Viscosity solutions are less adequate. An approach
which fulﬁlls these speciﬁc requirements and allows to consider rather ﬂexible models is given in Eberlein and Glau
(2014) [6]. For further details we refer the interested reader to this reference where as a side result the intimate
relationship between PIDE (or PDE) based valuation methods and Fourier based methods is discussed. Eberlein
(2013) [5] is a recent survey article on the latter.
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4. Continuous time two price theory
We consider now a continuous time model where the underlying uncertainty is given by a pure jump Le´vy process
X = (Xt)0≤t≤T . Such a process is determined by a drift coeﬃcient α and the Le´vy measure k(y)dy which describes the
frequency of the jumps. For example in the case of a Variance Gamma process X the Le´vy density k is of the form
k(y) =
C
|y| (exp(−G|y|)1{y<0} + exp(−M|y|)1{y>0}) (10)
with parameters C, G and M. The inﬁnitesimal generator L of such a pure jump process is
Lu(x) = α∂u
∂x
(x) +
∫
R
(
u(x + y) − u(x) − ∂u
∂x
(x)y
)
k(y)dy (11)
Figure 3 shows the Le´vy density k for a Variance Gamma process with speciﬁc parameter values.
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Figure 3. Variance gamma density
We want to value a ﬁnancial contract which pays the amount φ(Xt) at time t. Denote by u(x, t) its time zero value
when X0 = x. Assume that the interest rate r is constant and that we have chosen a risk neutral probability measure.
The latter means that under this probability the underlying price process when discounted is a martingale. Then with
E denoting the corresponding expectation operator we have
u(x, t) = E
[
e−rtφ(Xt) | X0 = x] (12)
Assume that φ and the process which drives the model are such that the Feynman–Kac representation applies, then
u(x, t) is at the same time given by the solution of the PIDE
ut = L(u) − ru (13)
with boundary condition u(x, 0) = φ(x). We will consider two diﬀerent approaches to distort equation (13) (see
Eberlein, Madan, Pistorius, Schoutens and Yor (2014) [9]). For the ﬁrst variant we assume that the Le´vy density k
satisﬁes
∫
y2k(y)dy < ∞, which is the case in a number of examples. Under this assumption
g(y) =
y2k(y)∫
y2k(y)dy
(14)
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is the density of a probability measure. Write the integral part of the operator L in equation (13) in the form∫
R
u(x + y, t) − u(x, t) − ux(x, t)y)
y2
( ∫
R
y2k(y)dy
)
g(y)dy (15)
or for short
∫
R
Yx,t(y)g(y)dy, where Yx,t is a real-valued random variable with distribution function
FYx,t (v) =
∫
A(x,t,v)
g(y)dy (16)
for A(x, t, v) = {y | Yx,t(y) ≤ v}. With this notation the integral part of the PIDE (13) has the form∫
R
vdFYx,t (v). (17)
Given a concave distortion Ψ we will consider the distorted expectation∫
R
vdΨ(FYx,t (v)). (18)
In order to get a form in which this integral can be easily computed we decompose it into the negative and positive
halﬂine and after using the integration by parts formula achieve the following representation where Pg indicates that
probabilities are evaluated under the density g.
−
∫ 0
−∞
Ψ(Pg(Yx,t ≤ v))dv +
∫ ∞
0
(1 − Ψ(Pg(Yx,t ≤ v)))dv. (19)
Deﬁne the new (distorted) operator
GQVu(x) = α∂u
∂x
(x) −
∫ 0
−∞
Ψ(Pg(Yx,t ≤ v))dv +
∫ ∞
0
(1 − Ψ(Pg(Yx,t ≤ 0)))dv (20)
The bid value is the solution of the (distorted) PIDE
ut = GQV (u) − ru. (21)
The alternative approach replaces the density g deﬁned above by a density h which is given by
h(y) =
k(y)∫
{|y|≥} k(y)dy
1{|y|≥}. (22)
In other words instead of exploiting a second moment property of the Le´vy density k, we truncate k at the origin. Both
approaches have essentially the eﬀect that in a ﬁrst step the very small jumps of the driving process are neglected.
Proceeding with h instead of g one gets an alternative operator GNL which can also be used to distort the PIDE (13).
Figure 4 shows values of a sophisticated portfolio of derivatives as a function of the value of the underlying expressed
in terms of moneyness. In the middle of the ﬁve value functions is the risk neutral value. The two lower lines are the
bid values computed according to the two methods described above. The two upper lines are the corresponding ask
values.
In Eberlein, Madan, Pistorius and Yor (2014) [10] two speciﬁc valuation situations are studied in detail. The ﬁrst
one considers the valuation of contracts with very long maturities. Typical examples are insurance contracts with an
extremely long life time. In this context one could also consider the valuation of economic activities such as a company
as a whole, which do not have a maturity at all. The second object which is studied concerns the two price valuation
of insurance loss processes. Here the accumulated losses from now on into the distant future are investigated. In this
context we develop in [10] another alternative to the two approaches which are outlined above. Instead of creating
artiﬁcially probabilities given by the two densities g and h, one can as well directly distort a measure as long as the
corresponding integral is ﬁnite.
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